where X and X λ are submodules of M such that {X λ } λ∈Λ is a filter base. Examples of AB5 * modules include artinian modules or, more generally, modules that are linearly compact with respect to the discrete topology. Uniserial modules are also examples of AB5 * modules. For the basic properties of AB5 * and linear compactness we refer to [4] and [6] .
In this paper we apply the general theory of Baer duality developed in [6] to commutative rings, where it seems to be closer to Morita duality. As we already mentioned in [6] , the idea for inventing the notion of Baer duality comes from the solution to Müller's question on commutative linearly compact rings given in [2] . Using the technique developed in [2] we prove the main result in [6] which characterizes Baer dualities as follows.
Theorem 0.1 (cf. Theorem 2.1 [6] ) For a triple (R, R U T , T ) the following statements are equivalent: ( 
1) Annihilation induces an anti-isomorphism between L( R R) and L(U T ), as well as, L( R U ) and L(T T ).
(2) (R, R U T , T ) is a Baer duality.
(3) R R, R U, U T , T T satisfy AB5 * , U is faithful and an essential extension of its socle on both sides, and the U -dual of any simple module is again simple. 2
This theorem is the starting point of our investigation in the present work. By (1) it follows that if (R, R U T , T ) is a Baer duality then U is minimal faithful, i.e., every proper submodule of U is not faithful. Moreover, if R is commutative and self-dual any bimodule U inducing a self-duality is also a maximal AB5 * module, i.e., if U is a proper essential submodule of a module V then V cannot satisfy AB5 * (see Remark 2.4) . From the latter observation it is easy to construct examples demonstrating the fact that the class of modules with AB5 * is not closed under extensions, cf [5] . The complete description of the duality in terms of R is hopeless. One difficulty, that already appears in the study of Morita duality, is the nonuniqueness of the bimodule U . However, in a Morita duality U , as a left module, is always an injective cogenerator with essential socle of finite length while in the Baer duality case we do not know any effective method to locate or, more precisely, to describe R U rather than considering it as a faithful AB5 * R-submodule of an injective cogenerator with essential socle of finite length.
The situation is somewhat easier for commutative rings, essentially, because over a commutative ring an R-module is already an R-bimodule. As in the case of Morita duality, commutative rings with Baer duality have also self-duality (cf. Theorem 1.6); this reduces the investigation to local rings with self-duality. Example 2.8 shows that there are local AB5 * rings without Baer duality; however, we have a surprising positive result for domains. Theorem 2.3 shows that any AB5 * domain a has Baer self-duality induced by any nonzero image of its quotient field in the injective hull of the simple module. In Proposition 2.2 we prove that, in general, if R is a local AB5 * ring, a faithful submodule U of the injective hull of the simple module induces a Baer self-duality if and only if all finitely generated submodules of U satisfy AB5 * . To this respect the similarity to Morita duality is complete: while linear compactness characterizes Morita dualities for commutative rings (cf. [2] ), AB5 * describes Baer duality among commutative domains and commutative subdirectly irreducible rings. However, we are not able to describe all modules U inducing a self-duality, see the comments after Corollary 2.5.
Throughout this article, all rings are associative and commutative with a nonzero identity and all modules are unital. If we want to consider also associative rings, we use the phrase not necessarily commutative rings.
The Jacobson radical of a module M is denoted by J(M ). M is finitely cogenerated if it is a submodule of a finite direct sum of injective hulls of simple modules or, equivalently, it has essential finitely generated socle. A submodule K of M is said to be superfluous in M if whenever there exists
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Now we show some relation between the length of the socles, semisimple factors and the number of generators of modules considered in Baer dualities.
The following statement holds also for associative rings because we do not use the commutativity in the proof. Proposition 1.2 Assume that (R, R U T , T ) is a Baer duality, R R has essential socle of length n. Then U T can be generated by n elements. Moreover, if T is local, then U T cannot be generated by less than n elements.
Proof. Since R is finitely cogenerated, the lattice anti-isomorphism implies that U T is finitely generated. There is an anti-isomorphism between the lattices of submodules of Soc (R) and U T /J(U T ). Therefore U T /J(U T ) is also semisimple of length n. Since J (U T ) is superfluous, U T is generated by n elements.
Assume now that T is local. Then
is a vector space of dimension n over the division ring T J (T ), consequently it cannot be generated by less than n elements. This completes the proof.
Recall that R is a dual ring if annihilation induces a lattice anti-isomorphism between L( R R) and L(R R ). By Theorem 0.1, R is a dual ring if and only if (R, R, R) is a Baer duality.
The following proposition shows that, in the commutative case, dual rings are the "buildings-blocks" of a Baer duality. This proposition is the key point in the study Baer duality for commutative rings. 
local dual ring and
3) T is a commutative local ring and every injective endomorphism of M is bijective.
4) T /J(T ) ∼ = End R (S).
Proof. Let 0 = x ∈ M . ThenR = R/Ann R (x) ∼ = Rx is a commutative AB5 * -ring with simple essential socle. Hence, by Lemma 1.1, it is a local ring so thatR is a local dual ring by Theorem 0.
Then N x is a faithful AB5 * -module overR with simple essential socle thus, again by Theorem 0.1, (R, N x ,R) is a Baer duality. Since AnnR(Rx) = 0, we get Rx = Ann Nx AnnR(Rx) = N x . As, for any f ∈ T , f (x) ∈ N x we also get Rx = xT . So statement 1) is proved. Now 2) follows from 1).
Clearly, 2) implies that T is a commutative ring. Let f ∈ T be injective. Then for every 0 = x ∈ M , 0 = f (x) ∈ Rx and Ann R (f (x)) = Ann R (x). As
is a Baer duality we get Rf (x) = Rx, so that f is surjective. To prove that T is local, let f 1 , f 2 ∈ T be non-invertible elements. Then
and thus f 1 + f 2 is also non-invertible. As R is commutative and S is simple and fully invariant in M , the restriction map ρ : T → End R (S) is a well defined and surjective ring homomorphism. Since T is local, Ker(ρ) = J(T ) and hence 4) is proved.
Together with Theorem 0.1 the above statement yields. Following [19] , a ring R is said to be a classical ring if the injective envelope of each simple R-module is discrete linearly compact. Examples of classical rings are noetherian rings and almost maximal valuation domains as well as von Neumann regular rings.
Let R be an AB5 * commutative classical ring, and let U be its minimal injective cogenerator. Then, in view of the results in [19] , T = End R (U ) is a discrete linearly compact commutative ring and in fact it is the completion of R in its U -topology. In particular, the T -submodules of U are exactly the R-submodules of U so that T has a Morita self-duality and U T is its minimal injective cogenerator. Hence, in view of Theorem 0.1, for any n ≥ 1, the triple (R, U n , M n (T )) is a Baer duality. The next assertion shows that this is essentially the only type of Baer duality that holds between commutative and non-commutative rings.
Proposition 1.5 Let R be a commutative local ring and assume that (R, U, T ) is a Baer duality where T is not necessarily commutative. Then:
where T is a commutative local ring and there is a Baer duality of the form (R, U , T ).
2) R has a Baer self-duality.
3) If T is not local (i.e. n > 1), then T T is discrete linearly compact, R U is a discrete linearly compact cogenerator of R and U T is an injective cogenerator of T . In particular, R is a classical ring and T has a right
Morita duality.
Proof. 1) and 2). Since (R/J(R), Soc(U ), T /J(T )) is obviously a Baer duality and R is a local ring, T /J(T
, where T = eT e for a primitive idempotent e ∈ T . Let U = U e. Then (R, U , T ) is a Baer duality in view of Theorem 0.1 and the observation that multiplication by e induces the Morita equivalence between T and T . By Proposition 1.3, since T is a subring of End(U ) it is commutative. By Corollary 1.4, R has a Baer self-duality.
3) Assume now that T is not local, i.e. that n ≥ 2. Then T T is discrete linearly compact by Theorem 3.7 in [4] . In view of the previous paragraph T is a matrix ring over a linearly compact commutative ring. Since, by [2] , linearly compact commutative rings have Morita duality so does T . 2
As consequence we obtain Theorem 1.6 Let R be a commutative ring having a Baer duality. Then R is Baer self-dual.
A characterization of rings with self-duality
There are two cases in which it is easy to see that if R is a commutative ring then R has Baer self-duality and the module R U inducing the duality is uniquely determined up to isomorphism. One is the case of classical AB5 * rings in which R U is isomorphic to the minimal injective cogenerator of R (cf.
Corollary 2.5) and, as we show in the next proposition, the other one is the case of AB5 * ring with simple essential socle (i.e., by Theorem 0.1, the case of dual rings) in which R U ∼ = R. Proposition 2.1 Let R be a commutative ring with simple essential socle and assume that (R, U, R) is a Baer self-duality. Then R R ∼ = R U . In particular, R is a local dual ring.
The next proposition is our best criteria to decide whether an AB5 * commutative ring has Baer self-duality. Proof. First of all note that R is a local ring by Lemma 1.1. Let X be a submodule of R U , and let I = Ann R X. Fix an element y ∈ Ann U Ann R X, so that I ⊂ Ann R (y). Let {Z α } α∈Λ be the family of all finitely generated submodules of X. Then, as Ann R (y) + I = Ann R (y) + α∈Λ Ann R (Z α ) and R is AB5 * , we get
By Theorem 0.1, (R/Ann R (y), Ry, R/Ann R (y)) is a Baer duality. Since Ry is cyclic R/Ann R (y) has simple essential socle; in view of (1), this implies that there exists a finitely generated submodule Z of X such that Ann R (Z) ⊂ Ann R (y). Again by Theorem 0.1, both Z + Ry and its submodule Z induce a Baer self-duality for R/Ann R Z and hence Z = Z + Ry, i.e., y ∈ Z ⊂ X. Therefore the equality X = Ann U Ann R (X) holds for every submodule X of U . Let now {X α } α∈Λ be the set of all finitely generated submodules of R U , and put M α = Ann R (X α ) for each α ∈ Λ. Consider an arbitrary ideal I of R. For each α ∈ Λ, denote by I α the canonical image (
On the other hand, for each α ∈ Λ, X α induces a Baer self-duality for R α , therefore
. This shows the equality
Therefore the module R U induces a Baer self-duality. 
, we obtain that all finitely generated submodules of R Q satisfy AB5 * . Let U be now any nonzero homomorphic image of Q in the injective hull of the simple module. Since R Q is divisible, U is also divisible and hence it is faithful. Since finitely generated submodules of R Q satisfy AB5 * , all finitely generated submodules of U satisfy also AB5 * ; therefore U fulfills the assumptions of Proposition 2.2, and the conclusion follows. 2
Remark 2.4 Let (R, U, R) be a Baer self-duality. Then U is a maximal AB5 * submodule of its injective hull E = E(U ).
Proof. For if x ∈ E is such that U + Rx is AB5 * then (R, U + Rx, R) is a Baer duality by Theorem 0.1. Since U is faithful, we get
If R is an AB5 * noetherian ring or, more generally, if R is a classical AB5 * ring, then R has a self-duality induced by the minimal injective cogenerator of R. Moreover, in view of the previous remark, any module inducing a self duality must be isomorphic to the minimal injective cogenerator. As the next corollary shows, AB5 * classical rings are the only kind of rings with Baer duality induced by a linearly compact module.
Corollary 2.5 Let R be a ring such that (R, U, R) is a Baer self-duality and
R U is linearly compact. Then U = E(R/J(R)) is the minimal injective cogen- erator of R.
Proof. It is always true that U ⊆ E(R/J(R)). If x ∈ E(R/J(R)) then
by Corollary 2.5 in [5] ; therefore x ∈ U by Remark 2. 4 
. This shows that U = E(R/J(R)). 2
Let R be a valuation domain with field of quotients Q and maximal ideal P . By Theorem 0.1, R has a Baer duality induced by Q/P , and any quotient of Q inducing a Baer duality will be isomorphic to Q/P . In general, if U induces a Baer self-duality for R then U is a uniserial divisible module with essential simple socle.
Recall that a module over a valuation domain is called standard if it is a homomorphic image of a submodule of Q. Since all homomorphic images of a divisible uniserial non-standard module M are again non-standard (cf. [8, Corollary 2.4]), there exists a non-standard quotient of M with essential simple socle. Therefore if R is a valuation domain with a non-standard divisible module, R has a self-duality induced by a non-standard module, that is, by a module not isomorphic to Q/P . As a consequence, we see that the classification of Baer self-dualities over a valuation domain is the classification of non-standard uniserial divisible modules with simple essential socle. It was shown in [9] that the functor Tor induces a group structure on the isomorphism classes of uniserial divisible module with simple essential socle, the neutral element of this group is the class of Q/P . We think that all these remarks make the problem of classification of Baer dualities over an AB5 * domain very exciting. However, we do not even know whether, in the general case, all quotients of Q inducing self-duality are isomorphic. In spite of that, we still think that the idea of the group structure on the isomorphism classes of modules inducing the duality can be extended to the general situation.
The next result guarantees the existence of maximal AB5 * modules with essential socle for any commutative AB5 * ring. However, as we shall see in Example 2.8, these maximal submodules might fail to be faithful. 2) Let M be a maximal AB5 * -submodule of E and let x ∈ E be such that xR is discrete linearly compact. Then since, by Corollary 2.5 in [5] , M ⊕ xR is AB5 * so is M + xR. By the maximality of M , M + xR = M . 3) By 2) the sum of all discrete linearly submodules of E is a submodule of any maximal AB5 * -submodule of E. By Corollary 2.12 in [4] , it is a discrete linearly compact submodule of E. 2
To make the picture complete we give now an example of a local AB5 * ring which does not admit any Baer duality. The idea to construct the example is the dualization of the well known fact that AB5 * is not closed under direct sums.
It is always difficult to check whether a ring or a module is AB5 * (see [5] for some criteria). The next remark gives an easy way to construct AB5 * rings.
Remark 2.7 If R is an AB5* commutative domain and U is a divisible AB5 * R -module, then the ring
Proof. It is not difficult to check directly the AB5 * property because, by the divisibility of U , all the ideals of R are either of the form I U for some nonzero ideal I of R, or of the form 0 X for some submodule X of U . 2
As a corollary to Remark 2.7 it follows that if R is an AB5 * domain and (R, U, R) is a Baer duality, then R U is a dual ring. Note that, in general, R ⊕ U is not AB5 * as R-module because, by Corollary 2.5 in [5] , this happens if and only if U is linearly compact.
Example 2.8 There is a local AB5* ring which does not have a Baer duality.
Proof. Let R be any non-complete discrete valuation domain with injective cogenerator E. Put A = R I where I = E 1 ⊕ E 2 and
A is a local ring, and, both, I 1 and I 2 are ideals of A such that I = I 1 ⊕ I 2 . Either by Corollary 2.5 in [5] or by Remark 2.7, it follows that A is an AB5 * ring. Assume that A has a Baer duality. By Theorem 1.6, we can assume that (A, A U A , A) is a Baer duality for some bimodule U . Then, by the duality and because of the fact that I = I 1 ⊕ I 2 , if we set X = Ann U (I), the module V = U/X is a direct sum of V 1 = U/X 1 and V 2 = U/X 2 , where X 1 = Ann U (I 1 ) and X 2 = Ann U (I 2 ). Since I 1 , I 2 are uniserial with simple socle, V 1 and V 2 are cyclic modules. Observing that I = Ann A (I 1 ) = Ann A (I 2 ), we obtain that, both, V 1 and V 2 are isomorphic to the A-module R. Proof. Let Q be the quotient field of R, and letR denote the integral closure of R, i.e., the subring of all x ∈ Q that are integral over R. To show thatR is a local ring it is enough to see that x + y is non-invertible for any two non-invertible elements x, y ∈R. Assume It is shown in [12, Theorem 2.7] that, in a Baer duality (R, R U T , T ), R is a dense subring of End(U T ) endowed with the finite topology. It is also observed in [6, Corollary 3.3] that, being the completion of R with respect to the Leptin-topology, this endomorphism ring does not depend on U .
If R has a Baer duality induced by a bimodule U , in general, there might be many rings T such that (R, U, T ) realize the duality (cf. Example 3.4); such rings are always subrings of End R (U ). The following example shows that, even for a Baer self-duality (R, U, R) of a valuation ring R, End R (U ) may fail to satisfy AB5 * . Hence, in general, there is no duality between R and End R (U ). 
It is not hard to prove that A is a valuation ring, and since it has nonzero socle it is also a dual ring by Theorem 0. Proof. Since R is an AB5 * domain it is a local ring; moreover, as R U is faithful it is a divisible module with simple essential socle. For any 0 = t ∈ T , R U t is also divisible and, hence, faithful; therefore U t = U . This implies that T is a domain.
As L(Ann R (Ann U t)) is anti-isomorphic to L(U/Ann U (t)) and U/Ann U (t) ∼ = U t = U has simple essential socle, there is a ∈ R such that Ann U (a) = Ann U (t). Therefore the map : U −→ U : au → ut ∀u ∈ U is well-defined and injective. Since U a = U t = U , is an invertible element of T . We have proved that for any t ∈ T there exists a ∈ R and a unit ∈ T such that tT = a T , hence the lattices L( R R), L( T T ) are isomorphic. Proposition 1.3 implies the equality Ru = T u for every element u ∈ U . Consequently, L(U T ) = L( R U ) and thus the triple (R, R U T , T ) satisfies the axioms of the definition of Baer duality. 2
Theorem 3.3 Let R be a commutative ring, and let T be a ring. Let R U T be a bimodule such that R U has simple essential socle. If (R, U, T ) is a Baer duality, then T is contained in a maximal AB5 * subring of End R (U ). Moreover, if S is such a ring then (R, U, S) is a Baer duality.
Proof. By Proposition 1.3 and Corollary 1.4, T and T = End R (U ) are commutative local rings, and T u = T u = Ru for any u ∈ U . If S is any AB5 * subring of T containing T , then it is commutative and local, and uT = uS for any u ∈ U ; hence (R, U, S) is a Baer duality by Theorem 0.1.
Let {T α } α∈Λ be a chain of AB5 and this implies that
Since, for any α ∈ Λ, Ann U Ann T α (X) = X then Ann U Ann S (X) = X. Zorn's Lemma implies that T is contained in a maximal AB5 * subring of T .
If (R, U, R) is a Baer self-duality, and T is an overring of R such that (R, U, T ) is a Baer duality then L(R R ) is lattice anti-isomorphic to L(T T ).
Since, by Theorem 0.1, we may assume that the lattice anti-isomorphisms in the Baer dualities are given by annihilation, it follows that the extension of ideals (I → IT for any I ∈ L(R R )) and the contraction of ideals (J → J ∩ R for any J ∈ L(T T )) are lattice isomorphisms that are inverse to each other.
For self-containedness' sake we recall that an overring T of a valuation ring R is said to be an immediate extension of R if the maps between the lattices of ideals L(R R ) and (T T ) given by extension and contraction are lattice isomorphisms (see, for example, [10] and [11] ). An immediate extension of R is said to be a maximal immediate extension if it cannot be properly embedded in any other immediate extension of R.
Kaplansky proved that a valuation domain can always be embedded into a maximal immediate extension. This extension turns out to be maximally complete i.e. it is a maximal immediate extension of itself. Moreover, a valuation domain is maximally complete if and only if it is a maximal (i.e. discrete linearly compact) valuation domain [10, Theorem 12.6] . The maximal immediate extension of a valuation domain is, in general, not unique but it so for almost maximal valuations domains because the maximal immediate extension is simply the endomorphism ring of the minimal injective cogenerator.
As in the case of indecomposable torsion-free abelian groups over the padic integers, it is routine to see that every immediate extension of a valuation domain R is an indecomposable torsion-free R-module. Thus immediate extension is a good way to construct some classes of torsion-free indecomposable modules. The next example suggests an easy and conceptual way to produce immediate extensions. Proof. A = End R (U ) is the maximal immediate extension of R. Since A is the completion of R with respect to the ideal topology, it is uncountable. For every subset X of Q(A)\Q(R) we consider the subfield K of Q(A) generated by Q(R) and X. Let T be the associated valuation domain of K. As R U is uniserial and R ⊆ T , U T is uniserial; therefore (R, R U T , T ) is a Baer duality by Theorem 0.1 (this can be derived also from standard results on immediate extensions because T is an immediate extension of R). Since R is countable and A is uncountable, there are uncountably many subrings T of Q(A).
There are valuation domains R with immediate extensions T such that there is no Baer duality between R and T . This is possible because all rings T such that R admits a Baer duality with, must be subrings of the completion of R with respect to the ideal topology. Therefore if R is a complete, but not linearly compact valuation domain, then R cannot have a Baer duality with any proper immediate extension of R.
Linear compactness
In this section we explore the relation between AB5 * and linear compactness, and the relation between Baer duality and Morita duality. Though we have already studied this subject extensively in [4] , in the commutative case the new ingredient is given by Proposition 1.3 1), namely, for any element x of an AB5 * module with simple essential socle, Rx is a dual ring. Recall that R is called a left (resp. right) PF-ring if R R (resp. R R ) is an injective cogenerator of R-Mod (resp. Mod-R). For further reference we quote the next Lemma which contains the main result in [2] 
(c) R is a discrete linearly compact ring and the socle of R is isomorphic to R/J(R).
Proof. (a) ⇒ (b). Since R is a cogenerator it is easy to see that for any ideal I of R, Ann R Ann R (I) = I. Hence the triple (R, R, R) yields a Baer duality i.e. R is a dual ring. (b) ⇔ (c) Following standard arguments that go back to Matlis [15] and Müller [16] , one can prove that R is a discrete linearly compact ring. Since R is a dual ring, then the semisimple factor of R has a Morita duality induced by the socle S of R, so that S and R/J(R) are isomorphic. (c) ⇒ (a) is proved in [2] , Theorem 7. 2 Proposition 1.3 allows us to generalize the well known fact that artinian modules with simple socle over commutative rings are quasi-injective. The condition that the socle is simple and essential, is crucial because, for example, local artinian rings with no simple socle are never self-injective and hence cannot be Frobenius rings. In addition, the following statement includes almost all particular cases of Morita duality for commutative rings. Proof. Assume that K is an AB5 * and quasi-injective R-module. Then, by 1) in Proposition 1.3, we know that for every 0 = x ∈ K, R/Ann R (x) is a local dual ring and Rx = Ann K (Ann R (x)). In particular Rx is a fully invariant submodule of K so that, being K quasi-injective, we get that also Rx is quasi-injective and hence the ring R/Ann R (x) is self-injective. Therefore R/Ann R (x) is a self-injective dual ring, and hence it is discrete linearly compact by Lemma 4.1. Then Corollary 2.12 in [4] implies that K is discrete linearly compact.
Conversely, assume that K is discrete linearly compact. Let x ∈ K. Then R/Ann R (x) is a commutative discrete linearly compact ring with simple essential socle so that, in view of Lemma 4.1, it is self-injective. Therefore
and hence Rx is fully invariant in E(K). From this we deduce that K is quasiinjective.
It is well known that the completion of a local noetherian domain is not necessarily a domain. Let R be a noetherian commutative local domain such that its completionR is not a domain. Let U denote the injective envelope of the simple R-module. Ift is a zero-divisor ofR, thentU is a faithful artinian R-module with essential simple socle which is not injective. 
where each E i ∼ = E(S i ). As K is quasi-injective, we get that The corresponding question whether AB5 * noncommutative one-sided PFring is a two-sided PF-ring is an open interesting problem.
We recall from [19] that a ring R is called a SISI ring if every subdirectly irreducible (i.e. having simple essential socle) factor ring of R is self-injective.
In [19] it is proved that every classical ring is a SISI ring and, in fact, this follows also from Corollary 4.4. Noetherian, von Neumann regular and almost maximal valuation rings are examples of classical rings, but not every SISI ring is a classical ring (see [19] ). This is not the case whenever R is also an AB5 * ring as the following proposition shows. Proof. Without loss of generality we may assume that R is local. Suppose that R is a SISI ring. Then, by Corollary 4.4, the minimal injective cogenerator E of R is a sum of discrete linearly compact finitely generated submodules. Consequently E is linearly compact by Theorem 2.6. The converse is well known (see the foregoing). Conversely, assume that, for every m ∈ Ω, E(R/m) is discrete linearly compact. For any m ∈ Ω, let S = R/m and let U S = {x ∈ U | Hom R (Rx, E(S )) = 0 for every simple R-module S = S} .
Then, by Lemma 2.8 in [4] , U S = E(S) and hence, by (b) 
